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" ^ I Abstract 

CO ' In this work we study an anisotropic model of general relativity based 

on the framework of Finsler geometry. The observed anisotropy of the mi- 

' crowave background radiation Q is incorporated in the Finslerian struc- 

I ture of space-time. We also examine the electromagnetic (e.m.) field 

^ . equations in our space. As a result a modified wave equation of e.m. 

^— ^ ' waves yields. 

"o '. 

1 Introduction 

W)' A Finslerian geometrical structure of models which can correspond to aniso- 

^ I tropic structures of regions of spacetime (radius< 10^ light years) can be intro- 

duced. Our work was motivated by the observed anisotropy of the microwave 
cosmic radiation. This anisotropy is of dipole type, i.e. the intensity of the 
' radiation is maximum at one direction and minimum at the opposite direction. 

It is known that this anisotropy can be explained if we use Robertson- Walker 
metric and take into account the movement of our galaxy with respect to distant 
galaxies of the universe A small anisotropy is expected, however, due to the 
anisotropic distribution of galaxies in space 

From the above mentioned results, it is reasonable to seek for a Lagrangian 
which expresses this anisotropy. As such, we choose: 



^ = y o-tjv'y^ + (p{x)kav°- (1) 

The vector ka expresses the observed anisotropy of the microwave background 
radiation. 

In §^ we give the necessary mathematical formalism, upon which we develop 
our theory. 
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In ^ we develop the geometric anisotropic structure of space-time based on 
the tangent bundle. Some physical interpretations are given. 

In §^ we study the changes that are imposed on the electromagnetic field as a 
result of the anisotropic geometry. It is shown that the e.m. field tensor remains 
unchanged in our approach. The wave equation of e.m. waves is modified 
{DpA^{x)) in such a way that it expresses anisotropy of the electromagnetic 
field, i.e. in the generalized D'Alambertian there exist terms of anisotropy 
which affect the conventional form of the wave equation. 

2 Preliminaries 

The framework in which we develop our present work is a Finsler tangent bundle. 
For this we consider a smooth 4-dimensional pseudoriemannian manifold M, 
{TM, TT, M) its tangent bundle and T~M = TM \ {0}, where means the image 
of the null cross-section of the projection tt : TM M. We also consider a 
local system of coordinates (x*), i = 0,1,2,3 and U a chart of M. Then the 
couple {x\ y"") is a local system of coordinates on tt^^{U) in TM. A coordinate 
transformation on the total space TM is given by 



x^x°, . . . ,x^), det 



dx^ 



dx3 



Br"- 

^0, r^^v\ ^ = 5tx^ (2) 



By definition a Finsler metric on M is a function F : TM K. having 
the properties: 

1. The restriction of F to TM is of the class C°° and F is only continuous 
on the image of the null cross section in the tangent bundle to M . 

2. The restriction of F to TM is positively homogeneous of degree 1 with 
respect to (y"). 

F{x,ky) ^ kF{x,y), A: e K; 

3. The quadratic form on M" with the coefficients 

f (3) 

defined on TM is non degenerate (det(/y ) 0), with rank(/y ) = 4. 

As it is known a non linear connection N on TM is a distribution on TM, 
supplementary to the vertical distribution V on TM : 

In our case a non linear connection can be defined by 
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where are defined from 



and the relation 



fill"' 

^ + 2G'^{x,y)=0 (6) 



yields from the Euler-Lagrangc equations: 



ds \dy"J dx" ^ ^'^^ 



The transformation rule of the non-linear connection coefiicients is 
dx°- dx^ ^^u, , dx"- d'^x^ u 



also 



5 dx^ 6 d dx^ d 



5x^ dx^ Sx^ dy"" dx" dy^ 

A local basis of T(^^^y){TM), {Si, da) adapted to the horizontal distribution 
N is 

d ■ d 

5i = di- N^{x, y)da, where di = —^,da = ^ (9) 

where Nf{x, y) are the coefficients of the non-linear Cartan connection N as we 

mentioned above. 
The dual local basis is 

{d' = dx\ 6'^ = dy'^ = dy'^ + N^dx%a^-^^ = {dl'}^^-^ 

A d-conncction on tangent bundle TM is a linear connection on TM which 
preserves by parallelism the horizontal distribution N and the vertical distribu- 
tion V on TM. 

Generally an h-v metric on the tangent bundle (TM, tt, M) is given by 

G = fij {x, y)dx' O dx^ + habSy"- O 6y'' (10) 
We consider a metrical d-connection CT = {Nj, U^^, Cj^.) with the property 

fio\k = 4/y - L^ikfhj - L'jkfih = (11) 
fij\k = dkfij - Cii-fhj - C^kfih = (12) 
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where 

L)k - \r {S,.frk + Skfjr - Srfjk) (13) 
C]k = \r{d,frk + dkfjr - drfjk) (14) 

The coordmate transformation of the objects L*^, and Cj^, is: 

_ dx^ dx^ dx^ u dx^ d'^x^ , 

" dx'' 00 dx^^''^'''^' ^ dx- dx^dx^ ^ ' 

The Cartan torsion cocfRcients Cijk are given by 



Cijk - -j^dkfij (17) 



while the ChristofFel symbols of the first and second kind for the metric are 
respectively: 

^^■'■^ ~ 2\dx^ ^ dxJ dx^ ) ^ ' 

7,', = + (19) 

2 \ ox^ oxJ ox" J 

The torsions and curvatures which we use are given by ^ : 

nj=0 Sl^^O R)k^5kN]^5,Nl (20) 

P}k^dkN]-U^^ P}k^nPm,k Pr,k=C,jk\iy' (21) 



jh ji 



^jikh — '^iks'^jh ~ '^ihs'^jk 

P'ihkj = Cijk\h ~ Cfijk\i + CJ^jCrik\l y' ~ C^jCrkh\l 

^ikh = f'' Sjikh 

pi — flj 



jikh 



(22) 
(23) 
(24) 
(25) 
(26) 



3 The Geometrical Structure of the anisotropic 
model (based on TM) 

In the following, the lowering and raising of the indices of the objects kajU"" and 
all related Riemannian tensors will be performed with the metric a.y . For the 
related Finslerian tensors we shall use the Finsler metric /.y . 
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The Lagrangian which gives the equation of geodesies in the case of (pseudo)- 
Riemannian space-time is given by: 

I dx^ 

i=Va..-2/V, y"^^ (27) 

or, equivalently, we may write for the hne element: 



dsR = y aijdx^dxi (28) 

where is the Riemannian metric with signature (— , +, +, +). Because of the 
observed anisotropy, we must insert an additional term to the Riemannian line 
element (|2^). This term must fulfill the following requirements: 

(a) It must give absolute maximum contribution for direction of movement par- 
allel to the anisotropy axis. 

(b) It must give zero contribution for movement in direction perpendicular to 
the anisotropy axis, i.e. the new line element must coincide with the Rie- 
mannian one for direction vertical to the anisotropy axis. 

(c) It must not be symmetric with respect to replacement y"' — This 
requirement is necessary in order to express the anisotropy of dipole type of 
the Microwave Background Radiation (MBR). We need to have maximum 
(positive) contribution for direction that coincides with the direction of 
the anisotropy axis, and minimum (negative) contribution for the opposite 
direction. 

We see that a term which satisfies the above conditions is ka{x)y°', where 
ka{x) expresses this anisotropy axis. For constant direction of ka{x) we may 
consider ka{x) — (p{x)ka, where ka is the unit vector in the direction ka{x). 
Then ip{x) plays the role of "length" of the vector ka{x), ip{x) € K. Hence, we 
have the Lagrangian 

^ = \f(Hry^^ + vixYkay" (29) 

From ( p9| ) we define the Finsler metric function F{x, y) = L. Setting = dx" 
we have 

dsp = \J aijdx^dxi -f ip{x)kadx'^ (30) 

dsp is the Finslerian line element and dsR is the Riemannian one. We see 
that the Finslerian line element is generated by an additional increment to the 
Riemannian one due to the anisotropy axis. Now 

ds|i = a.ijdx^dx-' + 2(p{x)kadx°' \/ aijdx^dx^ + ip'^{x)kadx°'kbdx^ (31) 
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In order for the Finslerian metric to be physically consistent with General Rel- 
ativity theory, it must have the same signature with the Riemannian metric 
(-,+,+,+). We have 

dsji = cdr — c"fdt — ^d{ct) = ^dx^ (32) 



where 7 = ^1 — (u/c)^ and v. 3-velocity in Riemannian space-time. From 
relations (|3^) , (^l]) we obtain: 

ds^p = aoadx'^dx^ + 2aoadx^dx°' + a^pdx'^dx^ + 2ip{x)kodx'^ ds n 
+ 2tp(x)kadx°'dsB. + (p'^ {x)kokodx'^ dx'^ + 2(f'^ {x)kokadx'^ dx" 
+ (p'^{x)kadx"kf3dx'^ 



or 



ds^p — ^aoo + 2jip{x)ko + ip^koko^ dx^dx^ + 

+ (aap + ^^{x)kaki3) dx^dx^ + 2"/ip{x)kadx"dx° 



+ 2aoadx°dx°' + 2ip'^ {x)kokadx° dx°' (33) 

where a, (3 = 1,2,3. From relation (|3^ ) it is evident that we must have 

{ko{x)f +2jkQ{x)+aao<0 (34) 

6"f^ ia^f3 + k„{x)kp{x)) > (35) 

for the signature to be preserved, where we have written ip{x)ki = ki[x). Rela- 
tion (p4) admits negative values for 



-7 - - ooo < ko{x) < -7 + - aoo (36) 
while from ( |35| ) yields: 

{ka{x)f > ~aaa (37) 

which is true for any ka{x) since aaa > 0. 

Then for any physically acceptable vector, its component fco(x) must lie 
in the interval ( ^ ) . Relation (^6|) is a restriction upon the anisotropy of space- 
time, i.e. the anisotropy vector can not take arbitrary values. 

The equation of geodesies is given by: 

^ + + Cra'^^id.ipkm - drnifkjW = « (38) 

We observe that in the equation of geodesies we have an additional term, namely 
aa^'^ {dj (cpkm) ~ dm{'pkj))y^ which expresses rotation of the aniso-tropy axis. 
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Now for the case of electromagnetic waves we must modify relation (^8|). 
This is because the world line of an e.m. wave is null. In geometrical optics the 
direction of propagation of a light ray is determined by the wave vector tangent 

w 

to the ray. Let fc' — dx^ /d\ be the four-dimensional wave vector, where A is 
some parameter varying along the ray. We have: 

w 

dk^ (a) WW, ^ ^ w . 

— + r l^k'k' + ^'"(a.^fc™ - d.mVkj)k' = (39) 

One possible explanation of the anisotropy axis could be that it expresses the 
resultant of the spin densities of the angular momenta of galaxies in a restricted 
region of space {ka{x) spacelike). It is known that the mass is anisotropically 
distributed for regions of space with radius< 10* light years Then an impor- 
tant kind of anisotropy might result from the ordering of the angular momenta 
of galaxies. As we move to greater distances (radius> 10® l.y.) the resultant 
of the spin densities is approximately zero, as it is expected for an isotropic 
universe. 

(i) 

fc,(x)=^ A:,(x)«0 (40) 

i 

where k a (x) is the spin density tensor of each rotating mass distribution. 
The spin is defined through the spin density tensor from the relation 



Sab = —r-^^abck^ix) (41) 
47r 

In the case that ip{x)ka expresses spin density, the function ip{x) is related 
to mass density (angular momenta depends upon angular velocity and mass 
distribution) . 

From equation ( p8| ) wc see that for small variation of the resultant of the 
spin densities vector, the deviation from the Ricmannian geodesies is very small, 
if not negligible. 

From the equation of geodesies (^) we obtain for movement perpendicular 
to k': 



(a) 



ds^ 



+ F + aa'^'dj^kmy' = (42) 



From (|4^) it is evident that although the contribution to the ds r line element is 
zero for vertical to fc' , the equation of geodesies is different from the Ricman- 
nian case. In the case, however, where diip{x)is parallel to ki, i.e. the increment 
of anisotropy takes place only along the anisotropy axis, then the equation of 
geodesies is identical with the geodesies of the Riemannian space-time. 

Using the notation j3 — kay°', o = yaijj/H/^, we calculate the metric tensor 
from §): 

fij = —a^j + — — § [y^kJ ^ViV] + ^ [x)kikj (43) 
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where § is an operator and denotes symmetrization of the indices e.g. 



ij z 

Accordingly we define the antisymmetric operator 

The inverse metric is 

as it may be verified by direct calculation, where m = fcafc" = 0, ±f according 
whether fc^ is null, spacelike or timelike (in order to not loose generality, we do 
not identify fca as spacelike). It must be noted, however, that if y° represents 
the velocity of a particle (y* timelike) then fc" is bound to be spacelike. This 
follows from the fact that one possible value of y ka is zero. 
The determinant of the metric is 

/ = det (/,,)= det(a,j) (45) 

The Cartan torsion coefficients which are given by (|l7|), take the form: 

Ciji = -z-rytVjyi H §ia,jki) j i>.(yiym) T .^^'J^' (46) 

ZG (J ijl (J i]l (7 ijl 

We observe from ( ^ ) that an increment of the anisotropy, i.e. increment of ip, 
results in a change in the values of the components of the Cartan coefficients. 
This is expected since the condition 

C,,k = (47) 

is the condition for the Finsler metric to be Riemannian. 

The finslerian Christoffel symbols of the first kind are given by ( [l^ ) 

Jiji = - r ,ji + Kiji + Miji (48) 

where 

(a) 1 

r iji = -j{diaij + djaa - dia^j) (49) 
are the Christoffel symbols corresponding to the metric a^. 



(50) 
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and 

The operator S denotes an interchange of the indices in the form this inter- 
change appears in the definition of the Christoffel symbols of a metric, e.g. 

(a) 

g diGij = 2 r 

The Christoffel symbols of the second kind are found from (|l9|): 

l^J = r + ^ y y - — S(y k)j r + -^(Ay + 

+ A4) + (A,. + M,.) ( ^(%r^) ,V - (52) 

where A*; = h^jika^^ and Mj; = Mjika^'^. In relation ( |5^ ) it is seen that, 

besides the F =0 terms, the rest express the anisotropic deviation from the 
Riemannian Christoffel symbols. When ip = 0, i.e. absence of anisotropy, the 
Finsler Christoffel symbols coincide with the Riemannian ones. From the above 

relation, for F =0 we have 7*^, 7^ 0. This shows the dependence of 7*^. from 
the anisotropy terms. 

From Euler-Lagrange equations we find for G' (relation (^)): 

G' = Ir^i.fy' + aa^'v' A (53) 
Using relation (^) we calculate the nonlinear connection coefficients: 

Ni = r^Ly' + ^a"'' A {dkifix) fc„0 + -a"''y^ A (d.^ix) k^)yu (54) 

km (J jm 

or 

Ni - + aa^' A {dkv{x) k^) + -a^'y^ A [d^^) k^)yk (55) 

km a jra 

Relation ( p5|) clearly shows that the deviation from the Riemann non-linear 
connection is due to anisotropic terms. In the case of an irrotational anisotropic 
field, A {dk^{x) km) — 0, the non-linear connection is identical with the Rie- 

km 

mannian one. 



1. r P 
-by^kj -y,yj 



(7 I] 



2ipkikj diip 



(51) 
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The connection coefficients C'^- are given by (pH): 



2Fa^ 



2F2cr3 

Correspondingly, using (O) we get: 



(p{3P + maip) I 

ViVjV (56) 



~ {N]Cl, + NlC), - rKC.u) (57) 

where TVj and C^; are given expUcitly by relations (|5j), (|5^). The curvature of 
the non linear connection is (^l|): 
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(a). 



kh 



+ aidka'^Adjifh - dja'^Aidkiph)) ~ aa'"A{dbjipkk) + 

jb kb jk 



a'^y" [ A{dkcfkb)yj - A{djcfh)yk 



cb 



cb 



2 

— ( 

a k] ~ 

(a). 



+ ( =-a''A{dky,) - ^a''y"'y'^A{dkarany,) ) A{davkb)y'' 



k] 



ab 



<j ( riy''A{dc^kj)+ r),a'"'A{dkvk,) ) - pd'ipA{d,^kk) 



kc 



jk 



^ ; , d\A{d,^yk) - ^avyL( r ^.y,) ■ 

Za ]k a kj 

1 (a) 



^{db^y") 



d\Aikkyj) + k'A{dk^yj) 

kj kj 



- -{davd''^)k'A{k,yk) 

i jk 



[daVV'')k'A{dkvk,) ~ ^ida^y") 



d'ipA{kkyj) + k'A{dkipyj) 

kj kj 



-idaipynk'AiTl^yk) ~ -Ly'd^AiT-.^yk) - 
a jk ■' a ]k 

-da^y'k'MTl^y,) - A^{da^y-fUA{yfkk) 
a kj la jk 



where -R^t^ j, is the Riemannian curvature of the metric . 



The torsion P^f, is given by (^: 



(a). 1 . 



A {diip krn)yj + Uji A {drip km)y'^ 

Im rm 



kj 
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then 



F (°) (3F 



Pijk — — r jki — -^^ajkdif 



2a^ ^-^^ - — 9.^fc 



+ v'^h r ^■j.fci + ((yj^fc/ + —yi) r '-fcfcj - -^Vjkkdup 



2a2 



y-jdkipki 



fl 

2(7 " 



12^ ~ 2^ ) ajfcyi 



2a4 



g (C,feiiVi)-/,^4^. (60) 



The /i-covariant derivative of the Cijk coefficients is 

C'ijk\l — ^iCijk ^ L^fihjk ^ L^jlCihk ^ ^kl^ijh 



(61) 



From relations (gl^), (p4), (tt§), (M), (M), (M), and (61) wc can calculate the 



Pijki curvature. 
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Taking into account relations: 



F \ F ^ 



^iljkr = -SiF ^Sia r H Si r Jj. + 6iAjkr + SiMjkr 



(a). 



a 



A 

jm 



{^{dl^^) km) + ^a"^ [a ((C^) km) 



y Vj + 



+ 



Ida""' 1 dap 

jk 



'^y'y''^"'');i{9r^km)y^yj- 



-^{daiphd'^fihyj-ldhipk' 



a^'A{dkip ki)yj + y''A{dk<p kj) 

kl kj 



f3 



— ) av3,m- — 



2a 



(a) . (a). 



- ^da'pA{d'ipk'')yjyk + ^{da'pynd'fkjyk ■ 

- -/rfe6a%4(5V^') - ^y''(da<pk''T)^yk + 



+ 



+ 



m 



+ ^{d,vyb)d'^yjy, - T r^.y" - 

- ^{db'py'')daipa'''k'yk§{kiyj) 
za^ ij 

= ^diaijy'y' - N^{-aihy') 
la a 

^iF = ^diaijyY + diifp - Nt{-aihy' + ^{x)kh) 
la a 
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^iCijk = ^ (^'^"^ + ^^'^ ~ ^^^''^^ yiVjyk 



3^ 



1 



3 ( - -^(5;CT ) 8 {aijkk) + 3—di[ S {aijkk)] 



ijk 



(7 ijk 

3ip , 



3 -^ditp - 3—r5ic7 § {yiyjkk) § (yiyjkk)) 



ijk 



a'' ijk 



3 ( -^Sif3 + -^diip - i'^5ia ) § [ai^yk) 



3/3VJ. 



ijk 



6i § (aijyk) 



ijk 



SiAijk = ^ (-^SiP + - 5^(5/(7 ) S iyiyjdkaab)y"'y'' 



2 Vcr^ 
3/3^ 



-y{fe} 



S {yiy:jdkaab)y°'y^ 
i]{k} 







-^ditp - 3-^(5;cr ) g f (yjfcj + yjki)dkaab) y^'y'' 
S ( (2/1% + yjki)dkaab) y^'y^ 

ik\ \ / 



y{fc} 



I -^(5;/3 + - 3^^(5;ct ) 9^ {aijdkaah) y^y^ 



SiMijk 



4a3' 
1 /I 



40-4 



tj{k} 



9 {atjdkaab)y"'y 

ij{k} 



f3 



2 Vcr 



1 



ij{k} 



2a 



g {a^jdkf) 
ij{k} 



(J ij{k} 
1 



— (^icr g [iyikj + yjki)dk(p) + -Si 



g {{yzkj + yjh)dktp 
ij{k} 



5i(3 - 3— (5/0- ) g [yiyjdkf) j-f^/ 

ij{k} cr 



S {yiyjdkf) 
ij{k} 



+ 2diip g (k^kjdkip) + 2ipdi S (kikjdkif) 

ij{k} ^ ' iiik\ ^ / 



ij{k} 



and (|22D, (pT]), ( p6[ ) we may calculate the curvature explicitly from 
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The S-curvature (Pi) is 



Sjikh = ^ ^'l n ^ A{ahjaik) + ( {A{akikj)kh + A{ahjh)kk)] + 
Zr (T ji Zr a \ ij ji J 

+ {^A{aki,'ki)Vh + A{ajkkh)y^)^ + ^^(^^f'^Vk-^if'^^yj) + 

+ kkVhAikjyi)] + [ A{aihkk)yj + A{ah^kj)yk] + 

jt J Zr \hk tj I 



^2(ma2-2/32) 



AFa^ \hk kh 



A{a^hyk)yj + A{a.jkyh)yi (72) 



^k^Shvh) - 5l$ihyk)- \ + f-Z n 'k'' A{a^hyk) + 



+ ^"'\fZ y^A^^^y^^ + 2F^ (k^y^ACkkyn) + fhAihyk] 



y''A{a.ihkk) + 



2F3o-2 " hk 

+ 2F^^ y d^"^'^^'') + 

^^JI^^^yry^Aikky.) (73) 



4F2fj2 4^2 



■ § (Ki2/'^) + y^yh (74) 



^ 

From a physical point of view the S'-curvature can be considered as a curvature 
parameter of anisotropy as it is evident from relation (|7^). In the absence of 
anisotropy ip = Q, we have 5 = 0. In other words, 5 represents the measure of 
anisotropy of matter B . 
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4 Anisotropic Electromagnetic Field Equations 
in vacuum 



The electromagnentic field tensor in special relativity is = djAi{x) — diAj{x). 
A generalization in our approach yields 



= {d, - N'^di)A,{x) - (9, - Nldi)A,{x) 



or 



d.jAi{x) - diAj{x) = i^y 



(76) 
(77) 



since diAiix) — 0. Therefore the electromagnetic field tensor remains invariant 
as in the usual electromagnetic theory of a Riemannian space-time. 
The first pair of Maxwell equations is 



diF,k + dkFu + d.Fki = G 



(78) 



A generalization of the partial derivatives in our case is to replace them with 
the /i-covariant derivative of the bundle: 



We have 





diF,k 


Fik\i 




Pik\l 


= SiFik — 


L\\Fhk - 


L\kFih 


Fu\k 


= SkFii — 


L^iFm - 


LkiFih 


Fki\i 


— SiFki — 




LuFkh 



(79) 

(80) 
(81) 
(82) 



using relations 



SiF,, = {di - N^da)F,, , diF,, = 



and summing (gOj), (gl)), (l82|), yields: L]^ 

Fik\i + Fii\k + Fki\i — diFik + dkFii + diFui = 



where we took into account the symmetric properties of L*^, and Fij = —Fji 
is seen that the first pair of Maxwell equations remains unchanged. 
The second pair of Maxwell equations in vacuum is 



(83) 
It 



dkF''' = 



(84) 



As before we consider: 



dkF^'^ 



F(k' 



(85) 
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Then gives: 



Fll: = SkF^'^ + Ll.F'^'' + Ll,F^^ (86) 



From the antisymmetry of F"^^ and the symmetry of X* j, the second and third 
terms of (86) vanish. Therefore 

= dkF''' = (87) 

From relations (^^ and (|8^) it is evident that the generalization of the elec- 
tromagnetic field does not change under the presence of the anisotropic model 
of gravity. It is expected, however, in analogy with the case of general relativity, 
that the wave equation should change its form. 

We denote the generalized D'Alambertian by Di?. In our approach the 
D'Alambertian is defined by 

UF^-^(5,[^fr5,)) (88) 
or, equivalently we have: 

□f = 5,r5, + r8,5, + ^{6J)PS, (89) 
From relation ([l|) it follows that 

W ^^{^.f'+Li.f'^) (90) 
The following relations hold good: 

Ofab OX^ dfab 

dif = 4^difab then dif = 2fr''Cabi (92) 

ofab 

S^f = frHdd'ab - 2NlCabl) djab = 7«fc + 7b^a (93) 



^^fab - 2NlCabl = [la.b " NlCalb) + {lb^a " NlCua) (94) 

= ii^k - NiC]i - N]Cli + rKC.u) (95) 
From relations (|8^) and (^l|)-(|95|) we have 

Up ^ r {5,6, - L%5k) (96) 
For the electromagnetic potential Ai{x) relation (|96| ) yields 

UfMx) - r{d,d, - L%dk)Mx) = (97) 
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The Lorentz gauge is in special relativity 



daA"" = (98) 

In a procedure similar to the one used for the D'Alambertian, we find the 
generalization of Lorentz condition: 

daA'^ = ^ -i= (Sa^A^^) = (99) 



-/ 

Again using relations ( |89| ) and (^l])-(|9^), we obtain equivalently: 

daA'' + Ll.A" = (100) 



Relation ( |100D is equivalent to A? — 



From relations (|97|), (IOC) it is evident that the wave equation, as well as 
the Lorentz condition, are modified in such a way as to include anisotropic 
terms. However the transformation rule of the L*^ (^5|) connection yields that 
the Lorentz condition, and the D'Alambertian are the same for any observer. 

It may be possible that relation (^ is connected with the observed anisotropy 
of the electromagnetic propagation over cosmological distances . 

Finally we give the equation of motion of a charged particle, subject to the 
anisotropic geometrical framework we developed and to the electromagnetic field 
(we consider ct = 1): 



(101) 



It is interesting to note that equation (101) is produced by a Lagrangian of 
the form 



mc [ \la,jy^yi + Lp{x)kay"' ) + -^Aay" 



(102) 



Therefore, one may use the Lagrangian ( 102 ) as a metric function and produce 
the equation of motion of a charged particle, subject to an e.m. field and the 
anisotropic geometrical model, as a geodesic of the space generated by (102). 



5 Conclusion 

The observed anisotropy of the microwave cosmic rediation, represented by a 
vector ka{x), can be incorporated in the framework of Finsler geometry. The 
equations of geodesies are generalized in a Finsler anisotropic space-time. The 
calculation of a curvature parameter of anisotropy is performed explicitly by the 
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contraction of the S'jj,; curvature. Also, the Maxwell equations are unafFected 
from the passage to the anisotropic geometry. The Lorentz condition, as well 
as the generalized D'Alambertian, are shown to be invariant under coordinate 
transformations. In our case, however, the generalized wave equation includes 
the anisotropic vector through the U^j. coefficients and the metric tensor /y. 
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